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Abstract In this paper, a quadratic programming (FFQP) problem is considered in which all of the 

cost coefficients, constraints coefficients, and right hand side of the constraints are characterized by L-

R fuzzy numbers. Through this paper, the concept of α- level of fuzzy numbers for the objective 

function, and the order relations on the fuzzy numbers for the constraints are considered.  To optimize 

the interval objective function, the order relations represented by decision maker's preference between 

intervals are defined by the right limit, the left limit, the center and the width of an interval. The 

maximization (minimization) problem with interval objective function is converted into a bi- objective 

problem and then the weighting method is applied for solving it and solves the new problem using the 

Kuhn- Tucker's necessary conditions. The advantages of the approach, referring to covert the fully 

fuzzy problem into the bi-objective problem, which is significant and being used in an interactive 

method for achieving the logical and applicable solutions. Finally, a numerical example is given to 

illustrate the utility, practically and the efficiency of the method. 

 

Keyword: Fully Fuzzy Quadratic Programming, L-R Fuzzy Numbers, α- Level, Weighting Method, 

Kuhn- Tucker's Optimality Conditions. 

 

 

1 Introduction 

 

Quadratic programming (QP) is an optimization problem whose objective function 

is quadratic function and the constraints are linear equalities or inequalities. QP is 

the problem of optimizing an objective function and is one of the simplest form of 

non-linear programming. The objective function can contain bilinear or up to second 

order polynomial terms and the constraints are linear and can be both inequalities 

and equalities. QP is widely used in real world problem to optimize the portfolio 

selection problem, in the regression to perform the least square method, in chemical 

plants to control scheduling, in the sequential quadratic programming, economics, 

engineering design etc. Since the QP is the most interesting class of the 

optimization, so it is known as the NP-hard. There are several methods and 

algorithms for solving the QP problem introduced by Pardalos and Rosen [1]; Horst 

and Tuy [2] and Bazaraa et al. [3].  
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In spite of having a vast decision making experience, the decision maker cannot 

always articulate the goals precisely. Decision-making in a fuzzy environment, 

developed by Bellman and Zadeh [4], improved and helped greatly in the 

management decision problems. The fuzzy set theory and its applications were 

proposed by Zimmermann [5]. Ishibuchi and Tanka [6] investigated the 

mathematical programming problem with interval valued objective function. The 

fuzzy programming with several objective functions, fuzzy sets and systems was 

proposed by Zimmermann [7]. Quadratic programming with interval coefficients has 

been extended to the nonlinear interval programming (Jiang et al., [8]; Wu, [9]; and 

Bhurjee and Panda, [10]). Suprajitno and Mohd [11] introduced solution procedures 

to obtain the optimum solution in interval form for optimum point and optimum 

value too. Kheirfam [12] used a fuzzy ranking and arithmetic operations to 

transform the QP problem with fuzzy numbers in the coefficients and variables into 

the corresponding deterministic one and solved it to obtain a fuzzy optimal solution.  

Allahviranloo and Moazam [13] introduced a new concept of the second power 

of fuzzy numbers that is providing an analytical and approximate solution for fully 

fuzzy quadratic equations. Taghi-Nezad and Taleshian [14] proposed a solution 

method for solving a special class of fuzzy QP problems with fuzziness in relations. 

Gao and Ruan [15] presented a canonical duality theory for solving quadratic 

minimization problems subject to either box or integer constraints. Sun et al. [16] 

investigated the duality gap between the binary quadratic optimization problem and 

its semidefinite programming relaxation. Gabr [17] presented a comprehensive 

methodology for solving and analyzing quadratic and nonlinear programming in a 

fully fuzzy environment. Takapoui et al. [18] proposed an algorithm for 

approximately minimizing a convex quadratic function over the intersection of 

affine and separable constraints. Mirmohseni and Nasseri [19] proposed a new 

approach for deriving the fuzzy objective value of the fuzzy QP problem. 

Syaripuddin et al. [20] applied a two- level programming approach for solving 

interval variables quadratic programming problem, where the problem was 

converted into two classical QP problem, namely the best and worst optimum 

problems.  Shi et al. [21] proposed an effective algorithm for solving quadratic 

programming problem with quadratic constraints globally.  

In this paper, a fully fuzzy quadratic programming is studied. A multi-objective 

optimization is applied for optimizing the problem after converting it based on the 

  level of the fuzzy number and the order relations, where the problem is 

converted into the worst and best problems. 

The outlay of the paper is organized as follows: Section 2 presented some 

preliminaries related to the fuzzy number,   level of the fuzzy number,     

fuzzy numbers and their arithmetic operations. Section 3 formulates fully fuzzy 

quadratic programming problem. In Section 4, solution approach is applied for 

solving the problem. In Section 5, a numerical example to illustrate the efficiency of 

the solution approach is given. Finally, some concluding remarks are reported in 

Section 6. 
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2 Preliminaries 

 

(Zahed [22]). A fuzzy set  ̃ defined on the set of real numbers   is said to be fuzzy 

numbers if its membership function 

    
 ̃
( )     ,   -, have the following properties: 

1.  
 ̃
( ) is an upper semi- continuous membership function; 

2.  ̃ is convex fuzzy set, i.e.,  
 ̃
(    (   )  )     { 

 ̃
( )  

 ̃
( ) } for all 

             
3.  ̃ is normal, i.e.,        for which  

 ̃
(  )      

4.      ( ̃)  {      
 ̃
( )    } is the support of  ̃ , and the closure 

  (    ( ̃)) is compact set. 

Definition2. (Dubois and Prade, [23]).  The   level set of the fuzzy numbers  ̃ is 

defined as the ordinary set   ( ̃)  for which the degree of their membership 

functions exceeds the level      ( ̃)  *     ̃( )   +                      
Definition3. (Kaufmann and Gupta, [24]). A triangular fuzzy number can be 

represented completely by a triplet  ̃  (     )  and has membership 

                  
 ̃
( )  

{
 
 

 
 
                       
   

   
       

   

   
       

                      

                                                                    (1) 

Definition4. (Kaufmann and Gupta, [24]).  The interval of confidence at level   for 

the fuzzy number  ̃  (     ) is defined as  

   ,(   )     (   )   -     ,   -  
Definition5. (Sakawa, [25]). A fuzzy number  ̃  (     )   is said to be an   
   fuzzy number if  

                         ̃( )  ,
   .
   

 
/         

 .
   

 
/         

                                                    (2) 

Where   is the mean value of  ̃ and   and   are left and right spreads, respectively, 

and a function  ( ) is a left shape function satisfying 

1.  ( )   (  )  
2.  ( )     
3.  ( ) is nonincreasing on  ,   ,  
    It is noted that a right shape function  ( ) is similarly defined as  ( )  
 

 
                                        
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Fig. 1     Fuzzy number 
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For two     fuzzy numbers  ̃  (     )   and  ̃  (     )  , the arithmetic 

operations are: 

1. Addition:  ̃   ̃ 
(     )   (     )   (           )                                                  (3) 

2. Opposite:   ̃ 

 (     )   (      )                                                                              (4) 

3. Subtraction:  ̃   ̃ 

(     )   (     )   (           )                                                (5) 

4. Multiplication:  ̃  ̃ 

 ̃  ̃   

      ,

     ̃     ̃          (     )   (     )   (              )   

    ̃     ̃          (     )   (     )   (              )   

    ̃     ̃          (     )   (     )   (                )   

        (6) 

                                                                                                  

5.  Scalar multiplication:    ̃ 

         (     )   {
(        )             
(          )      

                                                 (7) 

 

6. Partial order relation ( )  
  ̃( )  ̃                     .                                          (8) 

An interval on   is defined by an ordered pair as 

   ,      -  *               +                                                             (9) 

Where,    is the left limit and     is the upper limit of    Also,    denoted by its 

center and width as  

   〈 
     〉  *                      +.                                    (10) 

Where,    is the center and     is the width of    It is clear that the   , and     are 

estimated as 

   
      

 
    

      

 
                                                                                       (11) 

The arithmetic operations on    ,      -    ,      -  
  ( )   ,      -( ),      -  ,              -                                    (12) 

      ( )   〈 
     〉 ( )〈      〉  〈              〉     

  ( )   ,      -( ),      -  ,              -                                    (13) 

    ,      -  {
,        -         

,        -         
                                                          (14) 

     〈 
     〉  〈    | |  〉                                                                           (15) 

Definition6. (Ishibuchi and Tanaka [6]).  The order relation (   ) between 

    ,      -    ,      - is defined as 

(i)    (   )                                                                               (16) 

(ii)   (   )                   .                                                            (17) 

Definition7. (Ishibuchi and Tanaka, [6]). The order relation (   ) between 

    〈 
     〉    〈 

     〉 is defined as 

(i)    (   )     
                                                                        (18) 

(ii)   (   )     
              .                                                           (19) 
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3 Problem formulation and solution concepts 

 

A fully fuzzy quadratic programming problem is formulated as follows: 

          ̃  ∑  ̃     
 

 

 
    (∑ ∑     ̃     

 
   

 
   )                                                          (20) 

       s.t.                                                                                       

   ̃  {
∑  ̃       ̃ 
 
               ∑  ̃       ̃ 

 
               

             
}    (21) 

Where, ̃  ( ̃   ̃     ̃ ), and ̃  ( ̃   ̃     ̃ ) are fuzzy cost vector and fuzzy 

right- hand side vector.   (           ) is a vector of variables, and also 

 ̃  [   ]   is a matrix of quadratic form which is symmetric and positive semi 

definite, and  ̃  [ ̃  ]   . It is assumed that all of  ̃   ̃  ̃      ̃   ( ), where 

 ( ) denotes  the set of all      fuzzy numbers. 

Definition8.  A non-negative fuzzy vector     is said to be fuzzy feasible solution for 

problem (20)-(21)  if it satisfies the constraints (21). 

Definition9. A fuzzy feasible solution   
  is called a fuzzy optimal solution for 

problem (20)- (21), if  

 *∑ ̃     
  

 

   

 
 

 
(∑∑  

    ̃     
 

 

   

 

   

)+ ( ) *∑ ̃     

 

   

 
 

 
(∑∑     ̃     

 

   

 

   

)+              

Let  ̃   ̃    ̃  , and  ̃  represent by the     fuzzy numbers, 

(        )   (           )   (           )       (        ), erespectively.  

Then problem (20)-(21) becomes 

    ̃  ∑ (        )      
 

 

 
    (∑ ∑    (           )     

 
   

 
   )               (22) 

                s.t.                                                                                       

           ̃   {

∑ (           )  
    (        )  

 
               

∑ (           )  
    (        )  

 
               

             

}            (23) 

Problem (22)-(23) can be rewritten as  

    ̃  ∑ (               )    
 

 
 
   (∑ ∑    (                   )   

 
   

 
   )     

     Subject to                                                                                                            (24)                                                                             

        ̃   {

∑ (           )  
    (        )  

 
               

∑ (           )  
    (        )  

 
               

             

}                     

Based on Definition 4, and the concepts of the partial order ( ), problem (24) can 

be rewritten as 

    ̃  ∑ [(   )       (   )     ]   
 
     

     
 

 
(∑ ∑    [(   )         (   )       ]   

 
   

 
   )   ,   -               

              ,  
    
 -         

s.t.                                                                                                                                           (25) 
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{
 
 
 
 

 
 
 
 

∑          
 
               

∑ (        )       
 
                  

∑ (       )       
 
                  

∑          
 
                

∑ (        )       
 
                  

∑ (       )       
 
                  

              }
 
 
 
 

 
 
 
 

                                (26) 

 

Definition10.     is an   solution of problem (25)-(26) if and only if there is 

no  ̂    satisfies   ( ̂)     ( )     ( ̂)       
Or equivalently, Definition10 can be simplified as in the following definition.  

 

Definition11.     is an   efficient solution of problem (25)-(26) if and only if 

there is no  ̂    satisfies   ( ̂)    
  ( ). 

The solution set of problem (25)–(26) can be obtained as the   - efficient solution of 

the following multi- objective problem  
                     (  

 ( )    
 ( ))        

                s.t.                                         .                                                                         (27) 

Problem (27) may be solved using the weighting method (Chankong and Haimes, 

[26]) 

 

 

4 Solution approach 

 

In this section, the steps of the proposed approach for solving fully fuzzy quadratic 

programming are illustrated as: 

Step1: Consider the fully fuzzy quadratic problem (20)-(21), 

Step2: Convert the problem (20)-(21) into the problem (22)-(23), and then into 

problem (24), 

Step3: Using Definition 4, and the partial order( ), problem (24) is converted into 

problem (25)-(26), 

Step4: According to the decision maker's preference, problem (25)-(26) is converted 

into the bi- objective (27), 

Step5: Ask the decision maker the specify the   level (     )  
Step6: Transform problem (27) into a single objective problem using the weighting 

method and then solve it using the Kuhn- Tucker's optimality conditions [3],  

Step7: Stop with    is the optimal compromise solution, and    is the corresponding 

optimum value. 

The flowchart of the solution approach illustrated as in the following figure 
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Fig. 2 Flow chart for the solution approach 
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5 Numerical example 

 

Consider the following FFQP problem 

Step1-2:      ̃  (      )      (           )      

                
 

 
,(     )     

  (      )       (     )     
 - 

           Subject to                                                                                                      (28) 

                       (     )      (         )      (     )    
                        (     )      (        )      (     )    
                                     
Step3: According to problem (14), the (19) becomes 

    ̃  ,        -    0  
 

 
   
 

 
1    

                ,       -   
  ,        -     ,       -   

             
s.t.                                                                                                                                           (29)                                                                                             

                                                     
                                                          
                                   
Step4: Problem (29) can be converted into the following bi- objective  problem  

     
  (    )   .  

 

 
/    (   )  

  (     )     (    )  
  

      
                

           
  

s.t.                                                                                                                                          (30)                                                                                             

                                                     
                                                          
                                   
  Step5: Suppose the decision maker selects     . Then 

                
 

 
   

 

 
  
  
 

 
     

 

 
  
  

                       
           

  

  s.t.                                                                                                                                        (31)                                                                                             

                                                     
                                                          
                                   
Using the weighting method (Chankong and Haimes, [26]) and then the Kuhn- 

Tucker's optimality conditions [3], we obtain the   efficient solutions of problem 

(31) from the following problem  

            (    (   )  ) 
      s.t.                                                                                                                                   (32) 

                                          
                                              
                                   
Table1 The solution of problem (32) at different values of    

 

Values of     (     )   

     (         ) 
 (  )  ,                 -
 〈               〉 

       (      ) 
 (  )  ,                 -
 〈               〉 

     (      ) 
 (  )  ,                 -
 〈               〉 
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6 Conclusion and discussions 

 

Studying fully fuzzy quadratic programming (FFQP) problem leads to its closed 

connection with real world problems, considered as great importance. At the first, 

the quadratic problem has considered with fully fuzzy parameters in the objective 

function and constraints. Hence, the problem has converted into the corresponding 

interval-valued quadratic programming. Then, according to the decision maker's 

preference, it coveted into the bi-objective problem, and then by using the weighting 

method, it transformed into a single objective problem which can be solved by 

Kuhn-Tucker's optimality conditions. Converting the fully fuzzy problem into a bi-

objective problem is significant and being used in an interactive method for 

achieving the logical and applicable solutions.  

 

 

Acknowledgements 

 

The author would like to thank and grateful to the anonymous referees for their 

valuable suggestions and helpful comments which leads to improve the quality of 

the paper. 

 

Conflicts 

The author declares no conflict of the interest. 

 

 

References 

 
1. P. M. Pardalos, J. B. Rosen.  Constrained global optimization: Algorithms and Applications, Lecture notes in 

Computer Science, volume 268, Springer- Verlage, Berlin, Germany, 1987. 

2. R. H. Horst, Tuy, (1993).  Global Optimization: Deterministic Approach. Springer- Verlage, Uni. Dortmund, 

44221. 

3. M.S. Bazaraa, H. D. Sherali, C. M.  Shetty. Nonlinear Programming: Theory and Algorithms, John Wiley& 

Sons, 2013. 

4. R. E. Bellman, L. A. Zadeh, (1970).  Decision making in a fuzzy environment, Management Science, 17, 141-

164. 

5. H- J.  Zimmermann, (1978).  Fuzzy programming and linear programming with several objective functions.  

Fuzzy Sets and Systems, 1, 45- 55. 

6. H.  Ishibuchi, H. Tanaka, (1990). Multiobjective programming in optimization of the interval objective 

function, European Journal of Operational Research, 48, 219- 225. 

7. H- J. Zimmermann, Fuzzy Set Theory and its Applications, Fourth Edition, Kluwer Academic Publishers, 

2001.  

8. C.  Jiang, X. Han, G. R. Liu, G. P. Liu, (2008). A nonlinear interval number programming method for 

uncertain Optimization problems, Journal of Operational Research, 188(1), 1-13. 

9. H- C. Wu, (2008). On interval- valued nonlinear programming problem, Journal of Mathematical Analysis 

and Applications, 338(1), 299- 316. 

10. A. K. Bhurjee, G. Panda, (2012). Efficient solution of interval optimization problem, Mathematical Methods 

of Operations Research, 76(3), 273- 288. 

11. H. Suprajitno, I. B. Mohd, Interval Linear Programming, In Proceedings of the ICOMS-3, Bogor, Indonesia, 

2008. 

12. B.  Kheirfam, (2011). A method for solving fully fuzzy quadratic programming problems, Acta Universitatis 

Apulensis, 27, 69- 76. 

 

 

 [
 D

ow
nl

oa
de

d 
fr

om
 ij

or
lu

.la
hi

ja
n.

ia
u.

ir
 o

n 
20

26
-0

4-
27

 ]
 

                             9 / 10

http://ijorlu.lahijan.iau.ir/article-1-604-en.html


30 H. Abd El, W. Khalifa/ IJAOR Vol. 10, No. 1, 21-30, Winter 2020 (Serial #35) 

13. T. Allahviranloo, G. I. Moazam, (2014). The solution of fully fuzzy quadratic equation based on optimization 

theory, The Scientific World Journal, Volume 2014, Article ID 156203, 6 pages. 

14. N. A. Taghi- Nezhad, F. Taleshian, (2018). A solution approach for solving fully fuzzy quadratic 

programming problems, Journal of Applied Research on Industrial Engineering, 5(1), 50- 61 

15. D. Y. Gao, N. Ruan, (2010). Solutions to quadratic minimization problem with box and integer constraints, 

Journal of Global Optimization, 47(3), 463- 484. 

16. X. L. Sun, C. L. Liu, D. Li, J. J. Gao, (2012).  On duality gap in binary quadratic programming, Journal of 

Global Optimization, 53(2), 255- 269. 

17. W. I. Gabr, (2015).  Quadratic and nonlinear programming problems solving and analysis in fully fuzzy 

environment, Alexandria Engineering Journal, 54(3), 457- 472. 

18. R. Takapoui, N. Moehle, S. Boyd, A. Bemporad, (2017).  A simple effective heuristic for embedded mixed- 

integer quadratic programming, International Journal of Control, 10, 1-11. 

19. S. M. Mirmohseni, S. H. Nasseri, (2017). A quadratic programming with triangular fuzzy numbers, Journal 

of Applied Mathematics and Physics, 5, 2218- 2227. 

20. Syaripuddin, H. Suprajitno, Fatmawati, (2018). Solution of quadratic programming with interval variables 

using a two- level programming approach, Journal of Applied Mathematics, Volume 2018, Article ID 5204375, 

7 pages. 

21. D. Shi, J. Yin, C. Bai, (2019). An effective global optimization algorithm for quadratic programs with 

quadratic constraints, Symmetry, 11(3), 424-434. 

22. L. A. Zadeh, (1965).  Fuzzy sets, Information Control, 8, 338- 353. 

23. D. Dubois, H. Prade. Fuzzy Sets and Systems: Theory and Applications. Academic Press, New York, 1980. 

24. A. Kaufmann, M. M. Gupta.  Fuzzy Mathematical Models in Engineering and Management Science. Elsevier 

Science Publishing Company Inc., New York, 1988. 

25. M. Sakawa. Fuzzy Sets and Interactive Multi-objective Optimization. New York, USA: Plenium Press, 1993. 

26. V. Chankong, Y. Y. Haimes. Multiobjective Decision Making Theory and Methodology. North- Holland, 

New York. 1983. 

 

 

 

 

 

 

 [
 D

ow
nl

oa
de

d 
fr

om
 ij

or
lu

.la
hi

ja
n.

ia
u.

ir
 o

n 
20

26
-0

4-
27

 ]
 

Powered by TCPDF (www.tcpdf.org)

                            10 / 10

http://ijorlu.lahijan.iau.ir/article-1-604-en.html
http://www.tcpdf.org

