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Abstract Data envelopment analysis is a nonparametric technique checking efficiency of
DMUs using math programming. In conventional DEA, it has been assumed that the status of
each measure is clearly known as either input or output. Kao and Hwang [1] developed a data
envelopment analysis (DEA) approach for measuring efficiency of decision processes which
can be divided into two stages. The first stage uses inputs to generate outputs which become
the inputs to the second stage. The first stage outputs are referred to as intermediate measures.
The second stage then uses these intermediate measures to produce outputs. The data are crisp
in the standard DEA model whereas there are many problems in the real life in which data
may be uncertain. Thus, in this paper, a fuzzy version of two-stage DEA model with a
symmetrical triangular fuzzy number is presented. The basic idea is to transform the fuzzy
model into crisp linear programming by using « — cut approach. Finally, a numerical
example is proposed to display the application of this method.
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1 Introduction

DEA is a powerful tool in estimating efficiency of decision making units with multiple inputs and
outputs. Charnes, et al., [2] were the pioneers of the field that introduced their first model named
“CCR” in 1978. The assumption is that all the data have specific numerical values. Fuzzy DEA
models can represent real world problems more realistically than the conventional DEA models.
Several methods have been offered for solving the fuzzy CCR model. We can consider two
approaches for solving fuzzy DEA. The first one defuzzifies the fuzzy model and changes it into
the equivalent crisp model and the second one uses @ — cuts to create interval valued linear
programming that solves the fuzzy DEA by parametric programming.

Ghelej Beigi, Gholami [3] have proposed a model to estimate the efficiency score of
DMUs with two-stage structure and fuzzy data. Then they suggested a new method to allocate
resources to the DMUs. Their aim was preserving the efficiency score of DMUs after
allocation.

Chen et al. [4] modeled the overall efficiency of a two-stage process as a weighted sum of
the efficiencies of the two individual stages. Their method can be applied under both constant
returns to scale (CRS) and variable returns to scale (VRS) assumptions. Kao and Hwang [1]
developed a two-stage DEA modeling that considered the series relationship of the two sub-
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processes within the whole process. The efficiency of a DMU was decomposed into
efficiencies of the two sub-DMUs through their framework. They consider a set of Taiwanese
non-life insurance companies with a two-stage process of premium acquisition and profit
generation. Tavana, Khalili-Damghani [5] proposed an efficient two-stage fuzzy DEA model
to calculate the efficiency scores for a DMU and its sub-DMUs, they used the Stackelberg
(leader—follower) game theory approach to prioritize and sequentially decompose the
efficiency score of the DMU into a set of efficiency scores for its sub-DMUs. Their proposed
models are linear and independent of the a — cut variables.

In this article, the two-stage DEA are considered which all the data of the DMUs are fuzzy
with symmetrical triangular membership function. By using different @ — cuts the fuzzy model
convert to intervals [L, U], so we have interval linear programming. By applying S.SAATI M.
[6] method a variable is defined which change the ILP problem to linear programming
problem.

2 Two-Stage Model with Fuzzy Data

Suppose that, there are »n two-stage structures DMUs to be evaluated, and that
each DMUj, (j = 1,2, ...,n) has m inputs to the first stage, x;; (i = 1,2,...,m), and D outputs
from this stage z4;, (d = 1,2, ...,D). These D outputs then become the inputs to the second
stage, and are referred to as intermediate measures. The outputs from the second stage are
denoted y,j, (r = 1,2, ...,5).

Kao and Huang [1] assume that their model for measuring the overall efficiency of a DMU is
given by: )

m
s.t. Z VX, +

vix;; <0 (D

r=1 d=1
ng,v,u-=20, j=12,..,n

The following model determines the first stages efficiency(6*), while maintaining the
overall efficiency score at 8, calculated from model (1)
D

1x
6," = Max Z NgZ4,

d=1
s.t. Z VX, = 1
=1

m
ndzd]-—Zvixi]- <0 2
i=1
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N m D
Z UrYro — 90 Z ViXio + (1 - Ho)z NgZgo = 0
i=1 d=1

r=1
ng,vi,u-=20, j=12,..,n

The efficiency for the second stage is then calculated as
0, —w;.0

0; = ;
W2
Where wyand w; represent optimal weights obtained from following model
I Yit1 ViXio _ Ya=1 "dZdo
1 Z?:ll Uixio+23=1 NgZdo 2 Z?:ll Uixio+23=1 NaZdgdo

The following model determines the second stages efficiency(62*), while maintaining the
overall efficiency score at 8, calculated from model (1),

93* = Ma’x ZuTyTO

r=1
D
s.t Z NgZgo = 1
a=1
D m
anzdj—ZvixijSO 3
d=1 i=1
S D
Zuryrj - Z NngZg; <0
r=1 =1
N m D
Z UrYVro — 90 Z ViXio + (1 - Ho)z NgZgo = 0
r=1 i=1 d=1

ng,vi,u-=20, j=12,..,n
And the efficiency for the first stage is calculated as
0, — w;.02%*
wy
The model (1), (2), (3) with fuzzy data can be written as:
D N

ol =

D m
d=

First stage:
D

0} = Max Z NgZq,
m

S.t. Z vifio = i
i=1
D m
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M-

D
urj?r] anzd]
d=1
U Pro — QOZU Ko+ (1—186 )Z NgZz, =0

r=1 i=1

ng,vi,u-=>0, j=12,..,n
Second stage:
N

62 =Max ) w3,

[y

r=
N

]

r=1
D
s.t Z NgZgo = 1

d=1

D m
Z ndzd] Z vl. (6)
d=1 i=1

s

Z U Pro — Hvaw+(1 H)anzdo=

nd,vl,ur > O, j=12,..,n
Where, ‘~’ indicates the fuzziness.
Among the various types of fuzzy numbers, triangular fuzzy numbers are of more importance.
In the sequel, we consider the inputs and outputs of DMUs as triangular fuzzy numbers.
Let %;; = (xi],xu,x and Zy; = (zéj,zgﬂ-,zgj) and J,; = (erj,yﬂ’]’-,yrUj) .Therefore (4), (5),
(6) can be written as follows:

D S
6, = Max Z nq(zk, 24, z5,) + Z Uy (Vi Yo Vi)
d=1 r 1
m
S.t. Z Ui(xf“o, Xior X ) + Z Ny (Zdoﬂzdoﬂzdo) =1
i=1
D
Z ng (Zéj'zclyj'zgj) - Z v (xiL]-, x}f,x ) <0 (7)
d=1 i=1

S D
L M U L M U
Z ur(yrj'yrj'yrj) - Z Ng (Zdj'zdj'zdj) <0
r=1 d=1
ng,v,u-=20, j=12,..,n

D

1x E L M U
90 = Max Ng (Zdo'zdo'zdo)

d=1
m

s.t. Zvi(x{“o, M xly=1

i=1
D

m
- nalehyzlhzly) = ) v (bl xly) < 0 ®
i=1

a=1
S

D
L M U L M U
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N

m
Zur(YTéo'Y%'YTI{)) - Hoz vi(x{do' Xior X, ) + (1 -0 )Z nd(zdo'zdo'zdo) =0
i=1

r=1

ng,vi,u-=20, j=12,..,n

N

93* = Max Zur(y,fo,y%,y}{))

r=1
D

L M U —
s.t. Z Ny (250,250, Zg,) = 1

a=1
D

m
an(zaj,zse,zgj) —Zvi (k] ) < 0 ©

cl

Z (yr]'yr]'yr]) an(zd]'zd]'zd])< 0

Zu (yro'yro'yro) 0 Zv (xw' iorX )+ (1 -0 )Z nd(zdo'zdo'zdo) =0

r=1 i=
ng,vi,u. =0, j= 1,2, ., n

Models (7), (8), (9) are possibility linear programming. There are several methods to solve it.

In most of these methods for solving the possibility programming problem using a — cut, the
intervals in both sides of the constraints are compared with each other.

We apply the concept of a — cut to solve (7), (8), and (9) .By introducing a — cuts of
objective function and constraints the following models are obtained:
D N

6, = Max )" ny(azlh+ (1 — @zho,azlly + (1= @)z) + ), (aylh + (1 - @)yhy aylh + (1 - @)y)

d=1 r=1
m
s.t. Z vi(axM + (1 — a)xl, axt + (1 — a)x) + Z ng (azll + (1 — a)zh,, azll + (1 —a)zl)) =1
i=1 d=1
D
Z Ng (azg’j + (1 - a)zg;, azy; + (1 - a)zg]-) - Z v; (axf‘;-’ + (1 - a)xf, axi] + (1 — a)x;
d=1 i=1

<0 (10)

Z ur(ay%- + (A -y ayy+ (1 - a)yfj) - Z Ng (azfiv’]- + (11— a)zg;, azy; + (1 - a)zf{]-) <0
r=1 d=1
ng,v,u-=20, j=12,..,n

, First stage:

D
0} = Max Z ng(azll + (1 — @)z, azll + (1 — a)zY,)
a=1

m
s.t. Z vi(axM + (1 —a)xh,ax + (1 —a)x) =1

i=1

D m

Z Ng (azfiv’]- + (1 - a)zg,azy + (1 - a)zf{]-) - Z v; (axf‘;-’ + (1 - a)xf,axli + (1 - a)x;
d=1 i=1

<0 (11)

Zur(ay%- + (A - )y;ayy+ (1 - a)yfj) - Z nd(azg’j + (11— a)zg, azy + (1 - a)zf{]-) <0
d=1

r=1


http://ijorlu.lahijan.iau.ir/article-1-444-en.html

[ Downloaded from ijorlu.lahijan.iau.ir on 2026-04-28 ]

56 M. Nabahat, / IJAOR Vol. 5, No. 1, 51-61, Winter 2015 (Serial #15)

N

D w eyl + (= @y avlh + (1= Q) = 6, ) vilaxth + (1 - @)y, axlh + (1 - @l

r=1 i=1
+(1- 90)2 ng(azll + (1 —a)zs,, az + (1 —a)zl,)) =0

d=1
ng,vi,u,.=>0, j=12,..,n

Second stage:
N

62" = Max ) u,(ayls + (1 - )b, aylh + (1 — a)yih)

r=1

D
s.t. Z ng(azlh + (1 — a)zh,, azll + 1 —a)zi,) =1
a=1
D m
Z Ng (azfiv’]- + (1 - a)zg,azy + (1 - a)zf{]-) - Z v; (axf‘;-’ + (1 - a)xf,axli + (1 - a)x}
d=1 i=1

<0 (12)

N

Zur(ay%- + (A - )y;ayy+ (1 - a)yfj) - Z nd(azg’j + (11— a)zg, azy + (1 - a)zf{]-) <0

r=51 a=1
D w(aylh + (1= @b, vt + (1= )y) = 0, ) vilalh + (1 — el caxlh + (1 - @)
r=1 i=1

+(1- 90)2 ng(azll + (1 —a)zs,, azl + 1 —a)zl,)) =0
d=1
ng,vi,u,.=>0, j=12,..,n

By considering
Llj—ax +(1—a)x”, L]—ax +(1—a)x” ,vi=1,.,m,j=1,.,n
er—ayrj+(1—a)yrj, ye=ayh+A—-ayy ,r=1,.,s,j=1.,n

Z4j =azfiv’]-+(1—a)z§]-, Z g; =azfiv’]-+(1—a)zg]- ,d=1,..,D,j=1,..,n

Models (10), (11), (12) can Written as following ILP problems:

Ho:Max Z nd(de'zd0)+z Yro'YTo)

s.t. Z (xw,xw)+2nd(zdo,zdo —1

Z ng (Edjjaj) + Z vy (_71']"_&1']) <0 (13)
i=1

D

Uy (erﬂyrj) + Z ng(=Z 4jy—2.4;) <0

r=1 d=1
ng,v,u-=20, j=12,..,n

an.
I
bt

First stage:
D
0 = Max Z 14(Z 40,7 a0)
o a=1
s.t. Z XionXip)=1
i=1
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D m
Z ng (Lijjaj) + Z v; (_71']" _L'j) <0 (14)
D

Uy (er,frj) Z na(~Zaj,~2.4;) <0

QU
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iy

<
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iy

m
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N

<
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Second stage
N

93* = Maxzur (Zra '377’0)

r=1
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S.t. Z nd(zdo,z_do)=1
d=1
D m
Z g (24j7 aj) + Z vi(—X 5, —x4;) <0 (15)
d=1 i=
S D
Z U, (er,yrj) + Z nd(—fd]-, _zdj) <0
r=1 d=1

M-

m D D
Uy (Zra '377'0) + Hoz vi(_fim _lio) + Hoz nd(_fdo'_zdo) + Z nd(édo'z_do) =0
d=1 d=1

i=1
ng,vi,u,.=>0, j=12,..,n

<
Il
iy

In this section by applying S.SAATI M. [6] method for solving ILP problems we have the
following problems

6, = Max 2 ndzd0+2urym

d=1 r=1
m D
s.t Zvifi0+2nd?do=1

i=1 d=1

D m
End?dj—ivifuﬁo (16)
d=1 i=1

N D
Euryrj—EndzdjSO
r=1 d=1

X ij SxiijL]

er Syr} Syr}

Zd] <Zd] <z j

D
0} = Max 2 N4 Z o
d=1
m
S.t. 2171-3?1-0=1
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D m
Endzdj—ivixijﬁo
d=1 i=1

S

Euryrj—Endzdj <0

r=1
s

r=1

Xij SXiy S Xy
ers}’rjs}’rj
ZdjSZajSZaj
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(14)

d=1
m D
Euryro _902171'3?1'0 +(1_90)2 ndé\do =0
i=1 d=1

ng,v,u =0, j=12,...,n

Second stage
N

902* = MaxEuryro

r=1
D
s.t. 2 ndé\do =1

d=1

D m
Endzdj —Zvixij <0
d=1 i=1

N D

Euryrj —Endzdj <0

r=1
s

r=1
Xij SXij S Xy
Zr}' Syrj Syr}'
Zgj SZdj Sfdj
ng,v,u =0, j=12,...,n

(15)

d=1
m D
Euryro _902171'3?1'0 +(1_90)2 ndé\do =0
i=1 d=1

Models (13), (14), (15) are nonlinear programming problem. In order to linearize the models we

apply the following substitutions:
X ij=vXiyj, Zgi=NaZaj ,» Vvrj=WYrj

By these substitutions models (13), (14), (15) will become linear programming as follows:

D N

6, = Max Zz’do+2y'm
=1 r=1
D
+22{i0=1

S.t.

=
AN
S

eIz
E[-\]‘
|
I \GED
~><\
IN
o
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A
~
|
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N
g.\
~
|
)

<

A
|}< 1l
~ =
-~
1l
[

(16)
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urlr}' < Yr] < uryrj
NaZqj < Zq; S NgZ g
ng,v,ur =0, j=12,...,n

First stage:
D
0} = Max 2 Z5
d=1
m
s.t. Exzo =1
i=1
D m
zg, — 2 X, <0 (17)
d=1 i=1
N D
V) — 2 z3;, <0
r=1 d=1
N m D
D Yro =8, ) o+ (1=6,) ) 23 =0
r=1 i=1 d=1

urlr}' < Yr] < uryrj
NaZqj < Zq; S NgZ g
ng,v,u =0, j=12,...,n

Second stage

r=1
D
s.t. 22&0 =1

d=1

D m

Zz&l—Zx']SO (18)
d=1 i=1

N D

V) — 2 z3; <0

r=1 d=1

N m D
D Vio =8, ) g+ (1=6,) ) 230 =0
r=1 i=1 d=1

urlr}' < Yr] < uryrj
NaZqj < Zq; S NgZ g
ng,v,u =0, j=12,...,n
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3 Numerical example

Suppose that we have 10 DMUs with one input(X%, XM, XY) | one intermediate measure (Z%,ZM,ZY)
and two outputs(Yl-L, Y™, Yl-U), (i=1,2) . Table 1 presents the data of DMUs. We use the proposed
models (16), (17), (18) to obtain the efficiency scores of DMUE .

Table 1 The data of DMUs

DMU  (x:x" xY) (z4z"z2") (v,tvMv,Y) (v,hy,"v,Y)

1 (2,4,6) (12,3) (3.4,6) (1,4,6)
2 (3,5,7) (3,7.9) (1,4,7) (3,8,9)
3 (2,7,10) (1,5,9) (3,7.9) (12,14,16)
4 (4,7.9) (11,13,15) (5.9,14) (13,16,19)
5 (4,6,8) (5.,8,10) (12,13,19) (14,16,21)
6 (2,7.9) (3,8,9) (8,10,18) (13,16,22)
7 (4,11,14) (4,7.9) (4,5,19) (5.8,13)
8 (3,7,15) (2,7.8) (13,14,17) (15,18,19)
9 (2,4,8) (2,5,7) (9,11,18) (17,19,21)
10 (3.5.9) (3,6.9) (11,15,19) (2,7,12)

The results from models (16), (17), (18) are represented in Table 2. The first column reports the
overall efficiency of DMUs at different « — cuts. The second and third column of Table 2 reports the
efficiency score of DMUs at different a — cuts for each stage upon models (17), (18). The optimal
weights obtained from model (16) are represented at Table 3.

Table 2 efficiency score of DMUs at different [1 — 111

[ Downloaded from ijorlu.lahijan.iau.ir on 2026-04-28 ]

0, ol (7S
DMU
a=0[0=0.00[0=0.0/0=0.00[0=0[0=0[0=0.00[0=0.0[0=0.00] 0=0 |0=0[0=0.00]0=0.0[0=0.00[0=0
1 1 0.897 0.714 0557 [0392] 1 0813 0.556 0.386 0.269 1 1 1 1 0.846
2 1 0.907 0.766 0.666 0559 | 1 1 1 1 0.754 1 0818 0.532 0414 [ 0301
3 1 1 0.87 0662 0482 ] 1 1 1 0.626 0385 1 1 0.745 1 0.737
4 (092 0845 0.777 0713 0662 ] 1 1 1 1 1 084 | 0.689 0.554 0426 | 0324
5 1 1 1 0897 [0712] 1 1 1 0.927 0718 1 1 1 0986 | 0.704
6 1 1 1 0809 [0595] 1 1 1 0.861 0.615 1 1 1 0827 | 0.561
7 1 1 0.762 0514 [0337] 1 1 0711 0.486 0.343 1 1 0.849 0584 [ 0321
8 1 1 1 0841 0655 1 1 1 0.725 0.538 1 1 1 1 0.871
9 1 1 1 0971 [ 0805 ] 1 1 1 0.943 0.673 1 1 1 1 1
10 1 1 1 0947 [0785] 1 1 1 0.9 0.646 1 1 1 1 1
Table 3 The optimal weights
DMU|O =0|0=0.00|0=0.0|0=0.00|0=0(0=0|0=0.00|0=0.0|0=0.00]0=0
1 0.55 0.626 0.729 0.812 0.788 | 0.45 0.374 0.271 0.188 0.212
2 0.55 0.574 0.6 0.625 0.57 | 045 0.426 0.4 0.375 0.43
3 0.55 0.575 0.6 0.727 0.724 | 0.45 0.425 0.4 0.273 0.276
4 0.55 0.575 0.6 0.625 0.506 | 0.45 0.425 0.4 0.375 0.494
5 0.55 0.575 0.6 0.643 0.582 | 0.45 0.425 0.4 0.357 0.418
6 0.55 0.575 0.6 0.66 0.619 | 045 0.425 0.4 0.34 0.381
7 0.55 0.575 0.678 0.774 0.745 | 0.45 0.425 0.322 0.226 0.255
8 0.55 0.575 0.6 0.697 0.65 0.45 0.425 0.4 0.303 0.35
9 0.55 0.575 0.6 0.64 0.597 | 0.45 0.425 0.4 0.36 0.403
10 0.55 0.575 0.6 0.65 0.607 | 0.45 0.425 0.4 0.35 0.393

4 Conclusion

The conventional DEA models uses a set of inputs to produce a set of outputs. In Yao Chens
[4] method measuring efficiency of decision processes can be divided into two stages. The
first stage uses inputs to generate outputs which become the inputs to the second stage. The
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first stage outputs are referred to as intermediate measures. The second stage then uses these
intermediate measures to produce outputs. Their method develops an additive efficiency
decomposition approach wherein the overall efficiency is expressed as a (weighted) sum of
the efficiencies of the individual stages.

All these assumptions occur when all the inputs and outputs of the two-stage DEA are
crisp data. In this paper we consider that all of the inputs and outputs of two-stage DEA are
triangular fuzzy numbers. Using fuzzy data, the model is converted to a possibility
programming problem. We use Saati and Memariani [6] method for converting this problem
into a crisp linear programming based on [1—[][1[]. In the Saati and memariani model they
define suitable variables to solve. The substitutions of these variables make the model non-
linear. By further suitable substitutions the model is linearized. By solving a linear
programming for different [I—[1[J[Is acceptable solutions is achieved for possibility
mathematical programming problems.
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